SEQUENCES OF LCT-POLYTOPES 

ANATOLY LIBGOBER AND MIRCEA MUSTATA 



Abstract. To r ideals on a germ of smooth variety X one attaches a rational polytope 
in R'^ (the LCT-polytope) that generalizes the notion of log canonical threshold in the 
case of one ideal. We study these polytopes, and prove a strong form of the Ascending 
Chain Condition in this setting: we show that if a sequence {Pm)m>i of LCT-polytopes 
in R!^ converges to a compact subset Q in the Hausdorff metric, then Q = C\m>mo 
for some TOq, and Q is an LCT-polytope. 



1. Introduction 

Let X be a smooth algebraic variety over an algebraically closed field k, of char- 
acteristic zero. To a nonzero ideal a on X, and to a point x in the zero locus of a one 
associates the local log canonical threshold lct3;(a). This positive rational number is an 
invariant of the singularities of a at x that plays a fundamental role in birational geometry 
(see for example |Kol2j and [EMj ) . 

To r ideals ai, . . . , a,- on X, and to a point x that lies in the zero locus of each we 
associate the LCT-polytope LCT2;(ai, . . . , Or). This is a rational convex polytope in R!j_ 
that describes the log canonical thresholds at x of all products a^*^ ■ ■ ■ a'!^'' ■ More precisely, 
it consists of those (Ai, . . . , A^) G Il\ such that the pair (X, a^^ ■ ■ ■ o^'') is log canonical 
at x. In the case r = 1, the polytope LCTj.(a) is the segment [0, lct2,(a)]. These polytopes 
are a special case of the polytopes of quasi-adjunction introduced and studied by the first 
author in jLibl] and |Lib2] . Even if one is only interested in the singularities of one ideal 
a, studying the LCT-polytopes LCT(a, b) for various auxiliary ideals b gives important 
information. 

Shokurov conjectured in |Shoj that log canonical thresholds in fixed dimension satisfy 
the Ascending Chain Condition. The conjecture is made in a general setting in which the 
ambient variety is allowed to have log canonical singularities. Birkar related the general 
form of the conjecture to the Termination of Flips conjecture (see |Birj for the precise 
statement). In the special setting of smooth ambient varieties, Shokurov's conjecture was 
proved by de Fernex, Ein and the third author in |dFEM] . building on ideas and results 
from [dFM] and pCT] . 
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In this note we consider the Ascending Chain Condition for LCT-polytopes. In 
particular, we show that given any sequence of LCT-polytopes in R'' (corresponding to 
ideals on smooth n-dimensional varieties) Pi C P2 C . . the sequence is eventually 
stationary. In fact, we prove a much stronger assertion. 

We consider the polytopes in R*" as elements in the space l-ir of all compact subsets 
of R^ endowed with the Hausdorff metric. This is a complete metric space, and the subsets 
lying in a given compact subset i^' C R*" form a compact subspace of l-Lr- It is easy to see 
that every LCT-polytope as above is contained in the cube [0, nY C R''. It follows that 
every sequence of LCT-polytopes has a convergent subsequence to some compact subset 
Q C [0,n]^ 

Our main result says that if a sequence of LCT-polytopes {Pm)m>i converges to the 
compact set Q in the Hausdorff metric, then there is tuq such that Q = r\m>moPm- Further- 
more, Q is a rational convex polytope. In fact, there are ideals Oi, . . . C -R'lxi, . . . , x„] 
(for some s < r and some field extension K of k) such that Q = LCT(ai, . . . , a^) (under a 
suitable linear embedding in R^). If the ground field k has infinite transcendence degree 
over Q (for example, if = C), then we may take K = k. 

The proof uses the result in |dFEM] about the ACC property of log canonical 
thresholds on smooth varieties of fixed dimension. In fact, we use in an essential way also 
the ideas and the constructions in loc. cit. We give an introduction to the basic properties 
of LCT-polytopes in the following section, emphasizing the analogy with the case r = 1. 
The main theorems are proved in the last section. 

2. Basics of LCT-polytopes 

In this section we present some basic results about LCT-polytopes. We always work 
over an algebraically closed field k, of characteristic zero. We denote by R+ the set of 
nonnegative real numbers, and by N the nonnegative integers. Our ambient space X 
is either a smooth variety over k, or Spec(/c[xi, . . . ,a:n])- We assume that the reader is 
familiar with the results about the usual log canonical threshold, for which we refer to 
|Kol2] . §8 for the finite type case, and to |dFM] for the case of formal power series. 

Let X be a regular scheme, as above, and ai, . . . , nonzero ideal sheaves on X. We 

put 

LCT(ai, . . . , a,.) = {A = (Ai, . . . , A,.) G R^ | (X, ^ ■ ■ ■ a^' ) is log canonical}. 

We will mostly be concerned with a local variant of this definition: if a; G X is a closed 
point, then 

LCT2,(ai, . . . , Or) = {A = (Ai, . . . , A^) G R!j. | (X, ^ ■ • • a^'') is log canonical atx}. 

If the ideals ai, . . . , a,, are principal, with ai = (fi), then we simply write LCT(/i, ...,/,.) 
and LCT^(/i, ...,fr)- 
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The above sets can be explicitly described in terms of a log resolution, as follows. 
Suppose that vr: F — )• X is a log resolution of Oi ■ . . . ■ a,-. Recall that this means that Y 
is nonsingular, vr is proper and birational, and we have a simple normal crossings divisor 
J2j^=i ^ ^u'^h that 

N / ^ \ 

Ky/x = ^i-^j) ^iid ai ■ Oy = Oy j — OiijEj 1 for 1 < i < r. 
i=i \ i=i / 

The existence of such a log resolution in the formal power series case is a consequence of 
the results in |Tem] . 

It follows from the description of log canonical pairs in terms of a log resolution that 
LCT(ai, . . . , Or) consists precisely of those A G R!j_ such that 

r 

(1) "^'i^^ < + 1 for l<j<N. 

1=1 

Similarly, LCT2,.(ai, . . . a,.) is cut out by the equations in ([1]) corresponding to those j such 
that X G T^{Ej). 

It follows from the above description that both LCT(ai, . . . , Or) and LCTa;(ai, . . . , a.r) 
are rational polyhedra (that is, they are cut out in by finitely many affine linear in- 
equalities, with rational coefficients). We call LCT(ai, . . . , Or) and LCT2;(ai, . . . , a^) the 
LCT-polyhedron of Oi, . . . , a,., and respectively, the LCT-polyhedron at x of ai, ... , a,.. 

Remark 2.1. The above polyhedra are r-dimensional. Indeed, note that they contain the 
origin, as well as Acj for < A ^ 1 (here the standard basis of R*"). 

The following lemma follows immediately from the description of LCT-polyhedra in 
terms of a log resolution. 

Lemma 2.2. Given the nonzero ideals Oi, . . . , a^, there are closed points xi, . . . , Xm G X 
such that 

m 

LCT(ai,...,a,) = f|LCT,^(ai,...,a,). 

i=i 

Because of this lemma, from now on we will focus on the local LCT-polyhedra. 
Lemma 2.3. Let ai, . . . Or he nonzero ideals on X . 

i) If X E Supp(l^(ai)), then {Aj | A G LCT^(ai, . . . , a,.)} is hounded. 

ii) Ifx^ Supp(F(a,.)); then LCT^.(ai, . . . , a,,) = LCT^.(ai, . . . , a^_i) x R+. 

Proof. With the notation in ([T]), we see that if x G Supp(V(aj)), then there is j with 
> 0, and such that x G T^{Ej). It follows that if A G LCT3.(ai, . . . , a,.), then Aj < 
(kj + j, which gives i). The assertion in ii) is clear. □ 
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In light of this lemma, it is enough to study LCT^(ai, . . . , a^) for x G []■ Supp(l^(ai)). 
In this case we see that the LCT-polyhedron at x of Cli , . . . , Ctf IS bounded, hence it is a 
polytope. We will henceforth refer to it as the LCT-polytope at x of ai, ... , a^. 

Remark 2.4. A related construction, giving polyhedra as invariants of tuples of divisors, 
was used in |Lib2j and [Liblj . Consider a collection of germs 

fr{Xi, . . . 

of reduced local equations of divisors Di = V{fi) at a point P E X = C""*"\ that 
we assume to have isolated non-normal crossings (cf. |Lib2j ). With each ip E 0p one 
associates the top degree form: 

(2) . . . ,jr\mi, . . . ,mr) = fi ■■■■■fr ip{xi, . . . , Xn+i)dxi A . . . A dXn+l 

on the unramified covering Xmi,...,mr of X \ Di with Galois group ©jZ/mjZ. The form 
LJ^ extends to a holomorphic form on a resolution of singularities of a compactification 
Xmi,...,mr of -^mi,...,mr if ^lud ouly if (^^^, • • • , ^f^) ^ satisfics a system of linear in- 
equalities, i.e. it belongs to a polytope V{ip\fi, . . . , fr). This system can be described in 
terms of a log-resolution tt: F — )■ X of the principal ideals (/i ■ ■ ■ fr) as above, using the 
resolution of Xmi,...,mr given by a resolution of the quotient singularities of the normal- 
ization of Xmi,...,mr ^- This leads to the following explicit collection of inequalities 
describing when A = (Ai, . . . , A^) G V^iplfi, . . . , fr) (cf. |Libll (4)]): 

r 

(3) Yl ~ < + 1 + (^jiv) for 1 < J < A^- 

1=1 

Here atj, Hj are as in ([1]), and ej{ip) is the multiphcity of vr*(y9) along Ej. 

Vice versa, for a fixed {^j^, • • • , ^-^^) with < jj < rrii for all i, the set oi (p E Op 
such that the given point lies in V{(p\fi, ...,/,•) is an ideal A{ji, . . . , >|mi, . . . , m^) C Op 
(an ideal of quasi- adjunction). 

Allowing (f to run over all elements in Op produces a finite collection of polytopes 
in the [0, 1]''. We similarly have a finite collection of ideals of quasi- adjunction. Moreover, 
every ideal of quasi- adjunct ion A can be written as .4. = A{ji, . . . , jr\mi, . . . , rrir) for some 
point (^,...,^) that can be chosen in the boundary of a polytope ([3]). The subset of 
the boundary consisting of those ('^^^, • • • , ^-^^) defining a particular ^ is a polyhedral 
subset (face of quasi- adjunction). Therefore one has a correspondence between faces J-" of 
the polytopes V{ip\fi, . . . , fr) and certain ideals A{J^) in Op. 

The polytope corresponding to (f = 1 coincides with the image of the LCT- 
polytope ([T]) for ttj = (/i) via the affine map (Aj) — )■ (1 — Aj). An ideal of quasi-adjunction 
A{J-') associated to a point {^^, • • • , ^j^) ^ coincides with the multiplier ideal of the 
divisor ^fiiDi, where /ij = 1 — — e, with < e <^ 1. Indeed, strict inequality in 
the conditions ([3]) is equivalent to ip being a section of tt^:{Ky/x — [JZA^ " ^i)'^*{Di)\). 
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In the case r = 1, each polytope ([3]) is a segment [a, 1], and the face of quasi-adjunction 
a is a jumping coefficient for the multipher ideals of / = /i. If the singularity of / at 
P is isolated, the collection of such a coincides with the subset of the spectrum of the 
singularity of / in the interval [0, 1]. 

Example 2.5. If r = 1, then LCT(a) = [0,lct(a)], and LCT^(o) = [0,lct^(a)]. 
Example 2.6. If = (xf ■ ■ ■ Xn'") C k[xi, . . . , then 



LCT(ai,...,a,) = <^A = (Ai,...,A,)GR^ 



<ii,j\ < 1 for 1 < j < n 



Example 2.7. One can generalize the previous example to the case of arbitrary monomial 
ideals. This extends Howald's Theorem from [HowJ . which is the case r = 1. Suppose that 
ai, . . . , Or are nonzero ideals in . . . , Xn] generated by monomials. Let P^- denote the 
Newton polyhedron of a,, that is, P^- is the convex hull of {u G N" | G aj}. Here, 
if u = . . . G N", we denote by the monomial x"^ ■ ■ -x"". By taking a toric 
resolution of ai ■ . . . ■ a,., it is easy to see that 



LCT(ai, . . . , a^) = LCTo(ai, . . . , a^.) = < (Ai, . . . , A^) G 



e G 



where e = (1, . . . , 1) G R". 

Example 2.8. In the case of plane curves, readily available explicit resolutions allow the 
computation of LCT-polytopes. In terms of the polytopes of quasi-adjunction considered 
in |Libl] . the LCT-polytope is the image of the polytope "farthest" from the origin along 
the line xi = . . . = x^ under the change of variables (Aj) — )■ (1 — Aj). 

a) If / = X, (7 = X — G k[x, y], then 

(4) LCTo(/, g) = {(Ai, A2) G R^ | Ai < 1, A2 < 1, Ai + A2 < 3/2}. 

b) If / = x^ + y^, g = x^ + y^ E k[x,y], then LCTo(/, (7) is the intersection of the unit 
square and of the half planes 

(5) lOAi + 4A2 < 7, 4Ai + IOA2 < 7. 

Remark 2.9. Even if one is interested in the singularities of an ideal a, considering 
the LCT-polytopes for several ideals gives interesting information. Suppose, for example, 
that a is a nonzero ideal on X, and x G X is a closed point in Supp(l^(a)). One defines a 
function ip: R+ — )■ R+ by ip{t) = lct2.(a ■ m^)~^, where tria; is the ideal defining x. This is 
a convex nondecreasing function that encodes useful information about the singularities 
of a at X. For example, one can show that the right derivative V'^(O) is equal to lct2:(a)~^ • 
max °or<fi(a^^ ' where the maximum is over all divisors E over X that compute lcta;(a). 

Note that ip is determined by P := LCTx{ci,mx), and conversely. Indeed, ip(t) = a 
if and only if lct(a^/" ■ xnj") = 1. Therefore (p{t) is characterized by the fact that 
lies on the boundary of ip{t) ■ P. 
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We record in the following proposition some general properties of LCT-polytopes. 
We denote by ei, . . . , the standard basis in R''. For A = (A,) and fi = (fii) in R!j_, we 
put A ^ /i if Aj < yUj for all i. We also put A -< /i if A, < /x, for all i, with strict inequality 
when fii > 0. 

Proposition 2.10. Suppose that ai,...,ar are nonzero ideals on X, and x & X is a 

closed point such that x e Supp(l^(aj)) for all i. 

i) If mi, . . . ,mr are positive integers, then the polytope LCT^(a^\ . . . , a™'") is the 
image o/LCT3,(ai, . . . , a^) by the map {ui, . . . ,Ur) — )■ {ui/mi, . . . ,Ur/mr). 

ii) //a- C Oj for every i, then LCTj.(a'i, . . . , a',) C LCT^(ai, . . . , a,.). 

iii) LCTi:(ai, . . . , a,.) C HLifO^ lcti:(ai)] C [0, nY , where n = dim(X). 

iv) The simplex 



is contained in LCTj.(ai, . . . , a,.), 
v) If X, \' G are such that A ^ A', and A' G LCTa;(ai, . . . , a,.), then A G 



Proof. All assertions immediately follow from definition, and from familiar facts about 
singularities of pairs, see |Kol2j and [dFMj . The assertion in iv) follows from the fact that 
LCTa,(ai, . . . , ttr) is convex, and the fact that the origin, as well as each \cix{<^i)Gi lies in 



Remark 2.11. Suppose that X is a nonsingular affine algebraic variety. It follows from 
Proposition 12.101 iv) that if /i, . . . , G 0{X), then LCT(/i, . . . , f^) is contained in the 
cube [0, 1]^'. On the other hand, if ai, . . . , ar are ideals on X, and if for every i, gi G Oj is a 
general linear combination of some fixed set of generators of Oj, then an argument based 
on Bertini's Theorem as in [Lazl Proposition 9.2.28] gives 



Remark 2.12. If ai,...,ar are ideals on a smooth variety X, and if x G X, then 
LCT^(ai, . . . , a^) = LCT(ai ■ O^x, . . . , ■ O^)- This follows easily from jdFMl Propo- 
sition 2.7], that treats the case of log canonical thresholds. Since Ox,x — k\xi, . . . 
it follows that in order to study the possible LCT-polytopes in a given dimension n, we 
may restrict to the case when X = Spec(A;|xi, . . . , x„]). 

Lemma 2.13. //ai,...,ar are nonzero ideals on X, and if vcix is the ideal defining a 
closed point a; G X, then 




LCT^(ai, . . . , a,.). 



LCTa.(ai, . . . , a,.). 



□ 



LCT((7i, ....gr) = LCT(ai, . . . , a,) n [0, 1]''. 



LCT,(ai, . . . , a,) = fl LCT,(ai + m^, . . . , a, + m^). 
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Proof. The inclusion "C" is trivial, so let us suppose that A = (Aj) lies in the above 
intersection. It is enough to show that every A' G Q!j_ with A' ^ A lies in LCTa.(ai, . . . , a^). 
Therefore, we may assume that A G Q,\. Choose such that all A^Aj are integers. By 
assumption, we have lct((ai + m^)^^' ■ • • (Or + m^)^^'') > 

Let r := min{Ai | Aj > 0}. Since the ideals af ■ ■ ■ af and (oi + m«)^^i ■ ■ ■ (a^ + 
m^)^'^'' are congruent modulo m^^"^, it follows that 

lct.((ai + m^)^^^ ■ ■ ■ (a. + mlf'^ " ^ot^i<'^ ■ ■ ■ < 

where n = dim(Cx,a;) (see jdFMl Corollary 2.10]). We conclude that lct^(ai^ ■ • • a^) > 
1 — ^. Letting q go to infinity, this gives A G LCT^(ai . . . , a,.). □ 

The above lemma and the previous remark can be used to reduce proving results 
about LCT-polytopes on Spec(/c[xi, . . . , x„]) to proving the similar results on A*^. In order 
to illustrate this, we give the following 

Proposition 2.14. If H G X is a smooth hypersurface containing x, and if ai are ideals 
on X such that all aiOn are nonzero, then 

LCTxiaiOn, • • • , arOn) ^ LCTa;(ai, . . . , a^). 



Proof. When X is a nonsingular variety over k, this follows easily from Inversion of Ad- 
junction (see |Kol2l Theorem 7.5]). If A = Spec(A;[a;i, . . . , x„]), after a change of coordi- 
nates we may assume that H = {xi = 0). In this case, by Lemma [2. 131 it is enough to prove 
the proposition when we replace by a-j + m^. Since there are ideals a[ in k[xi, . . . ,x„] 
such that ttj + = a- ■ . . . we conclude using the case of ideals in A*^ via 
Remark Elia □ 

Remark 2.15. If A is a nonsingular variety over k, it is sometimes convenient to phrase 
the description of LCTa;(ai, . . . , a,.) in the language of mixed multiplier ideals, for which 
we refer to [Laz] Chapter 9]. Recall that the pair (A, a^^ ■ ■ ■ a^'') is kit at x G A if and only 
if the mixed multiplier ideal J7(A, ) is not contained in the ideal xUx defining x. 

We deduce using the definition of the LCT-polytopes that A G LCT3;(ai, . . . , Or) if and 
only if for every fi = (fii) G with fi ~< X, we have J7'(A, ^ ■ ■ ■ a^'') ^ ma,. 

The following proposition is the generalization to the case r > 1 of |Kol2l Proposi- 
tion 8.19]. As above, we denote by rria; the ideal defining the closed point x G A. 

Proposition 2.16. Let b, ai, . . . , ar be nonzero ideals on X, with dim(A) = n. If X = 
(Aj) G LCTa;(ai, . . . , ttr), and N is a positive integer such that + = b + m^ for some 
i, then 

X - min{n/A, Ajjci G LCTa.(ai, . . . , b, . . . , a^), 
where b appears on the i^^ component. 
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Proof. By Lemma [273| we may assume that all vanish at x. After replacing by aj+m^, 
we may also assume that o, = b + m;^. Arguing as in the proof of Proposition \2.1A\ we 
see that it is enough to prove the statement when X is a smooth variety over k. In this 
case it is convenient to use the language of mixed multiplier ideals, see Remark 12.151 Let 
us consider any fi = (fij) G R^, with /i -< A, so by assumption the mixed multiplier ideal 
JiX, a^^ ■ ■ ■ a^'') is not contained in m^;. 

By the Summation Theorem (for the version that we need, see [JMl Corollary 4.2]) 
we have 

J(X,<^---(b + m^r---<'-) = Yl ■■■<'■)• 
It follows that for some a, P > with a + /3 = /ij we have 

U > jj, then using J'(m") C rria; we deduce N(3 < n, and therefore 
^/ii, /ij , G LCT^(ai, . . . , b, . . . , Or). 

We conclude that ^ — min{n/A^, /iijcj G LCT^(ai, . . . , b, . . . , a,.) (note that by hypothesis 
(yUi, . . . , 0, . . . , fir) £ LCTj,.(ai, . . . , ttj, . . . ttr), which is equivalent to (/xi, . . . , 0, . . . , fir) G 
LCTa;(ai, . . . , b, . . . ttr)). Since this holds for every /i -< A, we get the conclusion of the 
proposition. □ 

An iterated application of the proposition gives the following result improving 
Lemma 12. 131 

Corollary 2.17. Let a^, bj be ideals on X, for 1 < i < r, and let N be a positive 
integer such that + = bj + m;^ for all i. If \ = (Aj) G LCT^(ai, . . . , a^), then 
A' = (A-) G LCTj,(bi, . . .,br), where A- = max [Xi- ^,0} for all i. 

Recall that on the space Tir of all nonempty compact subsets in we have the 
Hausdorff metric, defined as follows. If C R'' is an arbitrary compact set, for every 
X G R^ we put d{x,K) = miiiy^K d{x , y) , where d{x,y) denotes the Euclidean distance 
between x and y. The Hausdorff distance between two compact sets Ki and K2 is defined 
by 

6{Ki,K2) := max{max(i(x, niax(i(x, Ki)}. 

The set of all nonempty compact subsets of R'' thus becomes a complete metric space. 
Furthermore, the subspace of T-Lr consisting of all compact subsets of a fixed compact set 
K in R** is compact. For some basic facts about the Hausdorff metric, see |Munl p. 281]. 
Using this notion, we deduce from Corollary 12.171 the next 
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Corollary 2.18. Suppose that a,, bj are ideals on X , and x E X lies in []■ Supp(K(aj)). 
If N is a positive integer such that Oj + m;^ = bj + m;^ for all i, then 

<5(LCT,(ai, . . . , a,), LCT,(bi, . . . , K)) < 

Example 2.19. Let ai, . . . , a,, be proper nonzero ideals on X = Spec(A;|xi, . . . ,x„]). If 
bi, . . . , bj. are the inverse images of these ideals on X' = Spec(/c|xi, . . . ,Xn,y}) via the 
canonical projection, then LCT(bi + {y'^), b2, . . . , b^) is equal to 

(6) {(Ai + t, A2, . . . , A,) I (Ai, . . . , A,) G LCT(ai, . . . , a,), < t < 1/d}. 

Indeed, note first that by Lemma [2. 131 (or Corollary 12. 171) . it is enough to prove the above 
assertion when we replace each Oj by + {xi, . . . ,XnY, for all £ > 1. It follows from 
Remark 12.121 that it is enough to prove the similar equality when the ai are nonzero 
ideals on Spec(A;[xi, . . . , x„]) vanishing at the origin, we have bj = ■ k[xi, . . . ,Xn,y], 
and we compute the LCT-polytopes at the origin. In this case it is again convenient 
to use the language of mixed multiplier ideal sheaves. Recall that by Remark I2.15[ we 
have A G LCTo(ai, . . . , a,.) if and only if for every /i = (yUj) G with /i -< A, we 
have J7'(A", a^^ ■ ■ ■ a^f"") ^ (xi, . . . , x„). It follows from the Summation Theorem (see \JM\ 
Corollary 4.2]) that for every /ii, . . . , /x^ G R+, we have 

J^(A"+i,(bi + (/))^^bf ■■■btfO = Yl ^(A"+\ b^'/^bf ■ ■ ■ b^fO 

a+/3=/xi 

= Yl (l/L'^J)-J^(A",b?br---br), 

a+l3=fii 

where the second equality follows from |Lazt Remark 9.5.23]. Therefore, this ideal is 
not contained in (xi, . . . , x„, if and only there is /3 G R+ with /3i < 1/d such that 
J(A", bf "^bf ■ ■ ■ b^O is not contained in (xi, . . . , Xn)- The description in (P) easily fol- 
lows. 

3. Limits of LCT-polytopes 

Recall that by Remark [2.121 in order to study the possible LCT-polytopes in a given 
dimension n, we may restrict to the case when X = Spec(A;|xi, . . . ,x„]). Of course, in 
this case it is not necessary to include the closed point in the notation. 

Remark 3.1. Note that if A; C -ft' is a field extension of algebraically closed fields, and if 
tti, . . . , ttr are nonzero proper ideals in kfxi, . . . , x„], and if we put a • = a, ■ -ft'lxi, . . . , x„], 
then LCT(ai, . . . , 0^) = LCT{a[, . . . , a^). Indeed, by Lemma 12.131 it is enough to show 
that for all X > 1 we have 

(7) LCT(ai + m^, . . . , a, + m^) = LCT(a; + (m')^, ...,< + (m')"^), 

where m and m' are the maximal ideals in fc[xi, . . . , Xn} and respectively, Kfxi, . . . , x„]. 
Let us fix N. There are ideals b, in k[xi, . . . , Xn] such that bj ■ A;[xi, . . . , x„] = + 
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for every i. If b- = bj ■ K[xi, . . . , then b[ ■ Kfxi, . . . , x„] = a-. It is easy to see that 
LCTo(bi, . . . ,br) = LCTo(b'i, . . . b^), using a log resolution of bi ■ . . . ■ b^ to compute the 
left-hand side of the equality, and the base-extension of this log resolution to Spec(ii') 
to compute the right-hand side (see for example |dFM[ Proposition 2.9] for the case of 
one ideal) . The assertion in ([7]) is now a consequence of Remark 12.121 Therefore every 
LCT-polytope of ideals in . . . , x„] is an LCT-polytope of ideals in i^lxi, . . . , 

Remark 3.2. If k is an algebraically closed field having infinite transcendence degree 
over Q (for example, k = C), then every LCT-polytope of r ideals in some Klxi, . . . , 
where K is an algebraically closed field extension of k, can be realized as the LCT- 
polytope of r ideals in . . . , x„]. Indeed, suppose that P = LCT(ai, . . . , o^), with 
ai, . . . , a,, proper nonzero ideals in Klxi, . . . , Since each is finitely generated, we 
can find an algebraically closed subfield L G K oi countable transcendence degree over 
Q, and ideals b, in . . . , Xn} such that a, = bj ■ -ft^lxi, . . . , x„] for every i. Using the 
fact that k has infinite transcendence degree over Q, we can find an embedding L ^ k. 
If b- = bj ■ klxi, . . . ,x„], we deduce from the previous remark that LCT(ai, . . . , a^) = 
LCT(b;,...,b:,). 

By Proposition 12 . 1 01 iv) . all LCT-polytopes corresponding to r proper nonzero ideals 
in klxi, . . . , Xn} are contained in the compact set [0, nY- Therefore every sequence of LCT- 
polytopes has a convergent subsequence (in the Hausdorff metric). Our goal is to show 
that the limit is again an LCT-polytope, corresponding to possibly fewer than r ideals. 
Furthermore, we prove that in this case, the limit is equal to the intersection of all but 
finitely many of the given LCT-polytopes. 

Theorem 3.3. If = LCT(af'"\ . . . , a^.™^) form > 1, where the o-'"'' are proper nonzero 
ideals in kfxi, . . . ,Xnl, and if the Pm converge in the Hausdorff metric to a compact 
set Q C R*", then Q is again an LCT-polytope. More precisely, if I is the set of those 
i < r such that Q {xi = 0), then we can find proper nonzero ideals ai,...,as in 
Klxi, . . . ,Xnl, with s = and K an algebraically closed field extension of k, such 
that Q = j/(LCT(ai, . . . , a^)), where jj: R"* )■ R'' is the inclusion corresponding to the 
coordinates in I. 

Remark 3.4. We make the convention that the LCT-polytope of an empty set of ideals 
consists of {0}. In the context of Theorem 13.31 it can happen that s = 0, in which case Q 
consists of the origin in R*". 

Remark 3.5. It follows from Remark 13.21 that if the transcendence degree of k over Q is 
infinite, then in Theorem 13.31 we may take K = k. 

Theorem 3.6. // {Pm)m>i o,nd Q are as in Theorem then there is niQ such that 

Q ~ C\m>mo 

This result can be considered as a strong form of the Ascending Chain Condition 
for LCT-pol5d;opes. In fact, it immediately gives 
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Corollary 3.7. IfPm = LCT(ap , . . . , Or ) form > 1, where the are proper nonzero 
ideals in klxi, . . . , and if Pi P2 ■ ■ ■ , then this sequence is eventually stationary. 

Proof. It is enough to find a subsequence that is eventually stationary. Since Pm ^ [0,Ti]'' 
for all m, we deduce that after passing to a subsequence, we may assume that the Pm 
converge to some Q in the Hausdorff metric. Theorem 13.61 implies that there is mo such 
that Q = f]m>mo other hand, it is easy to see that in our case IJm>i ^ Q 

(see, for example. Lemma [3.81 iii) below). This gives Pm = Q for every m > mo. □ 

For the proof of Theorems 13.31 and 13.61 we will need a couple of lemmas. The first 
one gives some easy properties of Hausdorff convergence that we will need. We denote by 
d{-, ■) the Euclidean distance in R*", and by S{-, ■) the Hausdorff metric on the space Hr 
of all nonempty compact subsets of R*". 

Lemma 3.8. Let {Km)m>i be a sequence of compact subsets in R^, converging in the 
Hausdorff metric to the compact subset K . 

i) If C R^ is closed, and Km ^ C for all m, then K C C . 

ii) If Um € Km, and {um)m>i converges to u E W, then u E K. 
m)nmKm^K. 

Proof. The assertion in i) follows easily from definition. For ii), note that ii u ^ K, then 
there is a ball B{u,e) centered at u, and of radius e > that does not intersect K. By 
assumption, there is mo such that 6{Km,K) < e/2 for all m > mo. For such m, since 
Um e Km, we have d{um, K) < e/2, hence we can find Wm ^ K such that d{um, Wm) < £^/2. 
On the other hand, after possibly enlarging mo, we may assume that d{um,u) < e/2 for 
m > mo. Therefore 

d{u, Wm) < d{u, Um) + d{um, Wm) < e/2 + e/2 = e, 

contradicting the fact that B{u,e) (1 K = ^. This proves ii), and the assertion in iii) is a 
special case. □ 

For a proper nonzero ideal a in . . . , its order ord(a) is the largest nonneg- 
ative integer d such that a is contained in the d^^ power of the maximal ideal m. Recall 
the following estimates for the log canonical threshold in terms of the order: 

(8) < lct(a) < 

ord(a) ord(a) 

(the first inequality reduces to the case n = 1 via Proposition 12.141 while the second 
inequality follows from lct(a) < lct(m°''^'^°^) = n/ ord(a)). 

Lemma 3.9. With the notation in Theorem \3.3[ the following are equivalent: 



i) (x, = 0). 
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ii) limm^ooOrd(ai ) = oo. 

iii) The set {ord(aj-'"^) | m > 1} is unbounded. 

Proof. Suppose first that Q (1 [xi = 0). For every m we have let (o •'"'') ■ Cj G Pm, where 
the standard basis of R^'. It follows from Lemma 13.81 ii) that every limit 

point of the sequence (lct(aj-'"^) ■ eA lies in Q. Therefore limm_s.oo lct(aj-'"^) = 0, and 

V / m>l 

ii) follows from the first inequality in ([8]). 

Since the implication ii)^iii) is trivial, in order to finish the proof of the lemma 
it is enough to prove iii)^i). Suppose that A = (Ai, . . . , A,-) G Q, and Aj > 0. We can 
find mo such that 6{Pm,Q) < Ai/2 for all m > itlq. For every such m, we can find 
^im) ^ (w^^\...^wi"'^) G Pm such that rf(w(™),A) < \i/2. In particular, wj"^ > Ai/2. 
Since w^^^ G Pm, we see using the second inequality in ([8]) that for all m > mo 

^ < 4" < lct(a!"") < — 

^ ord(a- ') 

This contradicts iii). □ 

The main ingredient in the proof of Theorems 13.31 and 13.61 is the generic limit con- 
struction from [Koll] and |dFEM] . Let (ai'"'*)„i, • • • , (cir"*^)m be sequences as in Theo- 
rem 13. 3[ In order to simplify the notation, let us relabel the sequences such that the set 
/ in the theorem is equal to Associated to the s sequences (aj^™'')m.>i, with 

1 < z < s, we get s generic limits Oi, . . . , a^. These are ideals in -ft'la;!, . . . , where K is 
a suitable algebraically closed field extension of k. It follows from Lemma 4.3 in |dFEM] 
and the above Lemma 13.91 that all Oj are nonzero. Furthermore, since every a^^™''' is con- 
tained in the maximal ideal, the same holds for the ideals a^. The fundamental property 
of the generic limit construction is that there is a strictly increasing sequence (m^)^ such 
that for every nonnegative rational numbers Wi, . . . , we have 

(9) hm lct((aS"'^))- ■ ■ ■ (a^))-) = lct(ar " " • ^T) 

(see jdFEMl Corollary 4.5]). 

Remark 3.10. The construction in |dFEM] deals with only two sequences of ideals, but 
as pointed out in loc. cit., everything generalizes in an obvious way to any finite number 
of sequences. We also note that the field K given in loc. cit. is not algebraically closed, 
but since we are only interested in ([9]) , we can simply extend the generic limit ideals to an 
algebraic closure. The equation (jH]) is stated in loc. cit. only for integers wi, . . . ,Ws. On 
the other hand, if the Wi are rational numbers, and if is a positive integer such that all 
Nwi G Z, the formula for {Nwi, . . . , Nws) implies the one for {wi, . . . , Wg) by rescaling. 
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We isolate in the following lemma the key argument needed for the proofs of The- 
orems 13.31 and 13.61 We use the notation in those theorems, as well the notation for the 
generic limit ideals introduced above. 

Lemma 3.11. //AG LCT(ai, . . . , a^) fl Q'^, then there are infinitely many m such that 
J/ (A) e Pm- 

Proof. Write A = (Ai, . . . , A^), hence by assumption lct(ai^ ' ' ' "^sO — 1- ^ positive 
integer N such that A^Aj G Z for every i. Consider the set 

r := {lct((al"V^^ ■ ■ ■ ia^rY^') I ^ ^ Z>o}. 

Since the elements of T are log canonical thresholds of ideals on Spec(A;[xi, . . . it 
follows from |dFEMl Theorem 5.1] that F satisfies ACC, that is, it contains no infinite 
strictly increasing sequences. On the other hand, ([9]) shows that -^lct(o^^ ■ ■ ■ a^") lies in 
the closure of F. We deduce that there are infinitely many m such that 

lct((aS-))^^^ • • ■ ia^rY'') > 1 lct(at^ " " " a^) > ^. 
Therefore j/(A) G Pm for all such m. □ 

We can now give the proofs of our main results. 

Proof of Theorem \3.3\ . With the above notation, it is enough to show that we have Q = 
j/(LCT(ai, . . . , as)) (of course, we may assume that s > 1, as otherwise there is nothing to 
prove). Note first that Lemma [3.111 gives the inclusion j/(LCT(ai, . . . , a^)) C Q. Indeed, 
since LCT(ai, . . . , a^) fl Q* is dense in LCT(ai, . . . , a^), and Q is closed, it is enough to 
prove the inclusion j/(LCT(ai, . . . , a^) fl Q*) C Q, and this follows from the lemma (note 
that by Lemma [3.81 iii). the intersection of infinitely many of the Pm is contained in Q). 

We now prove the reverse inclusion: suppose that u = {ui, . . . ,Ur) G Q (hence 
Ui = for i > s), and let us show that (mi, . . . , Us) G LCT(ai, . . . , a^). Note first that by 
Lemma [378] i). we have Q C R^. Fix e > 0, and let us choose w = {wi, . . . , Ws) G such 
that Wi < Ui for all i, with strict inequality if Ui > 0, and such that {ui — Wi) < e for all 
i. We will show that in this case lct(a^^ ■ ■ ■ a^*) > 1. Since this holds for every e > 0, we 
get lct(of ■ • • a^O > 1> that is, u G j/(LCT(ai, . . . , a,)). 

Let {nii) be a strictly increasing sequence such that holds. We can choose q such 
that for all m > g we have S{Pm, Q) < minjuj — Wi \ Ui > 0}. For every such m, let us 
choose Vm € Pm with d{vm,u) < min{Mj — Wi \ Ui > 0}. We may assume that Vm G Q*". 
Since Vm = (^^m,i, • • • ,'Vm,r) ^ Pm, wc have lct((a^"'^)'''"'i ■ ■ ■ (or'"^ )*'"''■) > 1. On the other 
hand, by construction Wi < Vm,i for every i < s, hence lct((ai™'^)"'^ ' ' ' {ds"^)^") > 1 for all 
m > q. Therefore (Q implies lct(a^^ ■ ■ ■ a^") > 1, completing the proof. □ 
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Proof of Theorem \3.6\ . It is enough to show that there is mg such that Q C P„ for all 
m > tuq. Indeed, in this case Q C n-m>mo — "W'here the second inclusion follows 
from Lemma [3.81 iii). 

Let us assume that this is not the case. After possibly replacing the sequence 
(-Pm)m>i by a subsequence, we may assume that Q ^ Pm for any m. Note that by The- 
orem 13. 3[ Q is a rational polytope, so it is the convex hull of its vertices, which lie in 
Q*". Furthermore, by the above proof, each such vertex lies in j/(P(ai, . . . , a^)); hence by 
Lemma 13. IH it lies in infinitely many P^- After replacing the sequence {Pm)m>i by a 
subsequence, and after doing this for all vertices of Q, we conclude that all vertices of Q 
lie in P^ for all m. Therefore Q C P^ for all m, a contradiction. This concludes the proof 
of the theorem. □ 

Example 3.12. It follows from Example 12. 191 that if ai, . . . , a,- are proper nonzero ideals 
in /c[xi, . . . , x^], then LCT(ai, . . . , a^) is the intersection of a sequence Pi D P2 ^ • • • that 
is not eventually stationary, where each Pj is the LCT-polytope of r proper nonzero ideals 
in k[xi, . . . ,x„,?/]. 



Remark 3.13. If in Theorem O we have P^ = LCT(/P, . . . , with the ff"^ 
nonzero elements in the maximal ideal of k\xi, . . . then one can obtain Q as (the 
linear embedding of) LCT(/i, . . . , fg), with /j nonzero elements in the maximal ideal of 
some -ft'lxi, . . . , Xn}- Indeed, one can modify the construction in |dFEM] by replacing the 
Hilbert schemes parametrizing all ideals in quotient rings k[xi, . . . , . . . , XnY with 

parameter spaces for principal ideals in these rings (when r = 1, this is done in |Koll] ). 

Since the set of all log canonical thresholds lct(/), with / e kfxi, . . . satisfies 
ACC, it follows that there is a largest such invariant that is < 1. Finding this value for 
arbitrary n is an open problem. For example, it is well-known that this value is equal to 
I if n = 2. Indeed, if / G fc[a;, y] has order > 3, then we have lct(/) < | by ([8]). On the 
other hand, if the multiplicity of / at is two, then / is formally equivalent to + y*", 
for some m > 2, and lcto(a;^ + y"^) = | + ^ (see \La.z\ §9.3.C]). As the following example 
shows, one can get similar results for r > 2. 

Example 3.14. We know that if f, g E k[x,y} are nonzero elements in the maximal ideal 
of klx, yj, then LCT(/, g) C [0, l]^. In fact, we have LCT(/, g) = [0, 1]^ if and only if after 
a change of variables {f,g) = {x,y), and otherwise 

LCT(/, g) C {(Ai, A2) e [0, If I Ai + A2 < 3/2}. 

Indeed, it follows from Example 12.61 that LCT{x,y) = [0,1]^. If there is no change of 
variable such that (/, g) = {x, y), then there is a line in the tangent space at the origin to 
X = Spec(A;[x, y]) that is contained in To(V^(/)) fl To(V((?)). This corresponds to a point 
p on the exceptional divisor E in the blow-up B = Blo(X) A X, and the condition says 
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that ordp(7r*(/)), OTdp{7i*{g)) > 2. It follows that if F is the exceptional divisor on the 
blow-up of B at p, then for every (Ai, A2) G LCT(/, (7) we have 

2Ai + 2A2 < Ai • OTdpif) + A2 ■ ordj.(^) < oidpiK^/x) + 1 = 3. 

Example 12.81 a) shows that there are / and g such that LCT(/, ^f) = {(Ai, A2) G [0, 1]^ | 
Ai + A2 < 3/2}. 

We note that if r > 3, then 

(10) LCT(/i, ...,/.) C {(Ai, . . . , A,) G [0, l]n Ai + ■ ■ ■ + A, < 2} 

for every nonzero fi, . . . , fr G {x,y). Indeed, we see by considering the exceptional divisor 
E on B above that if \ct{f^' ■ ■ ■ f^^) > 1, then ^. A^ < Ei • oidEifi) < 2. We also 
observe that if fi, . . . , fr are general linear forms, then tt: B ^ X gives a log resolution 
of (X, (/i ■ ■ ■ fr)), and we see that in this case we have equahty in (fTOj) . 
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